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Abstract. A three-dimensional extension of the recently demonstrated generalization of the laws
of refraction and reflection was investigated for both flat and curved metasurfaces. We found that
out-of-plane refraction occurs for a metasurface that imparts a wavevector out of the plane of
incidence onto the incident light beam. Metasurfaces provide arbitrary control over the direction
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1 Introduction

The formulation of laws of reflection and refraction dates to the 10th century when Alhazen
conducted experiments on the movement of light passing through different media,1 and Ibn
Sahl deduced the law of refraction.2 These laws have been reported in a simple mathematical
formulation in the works of Thomas Herriot, Willebrord Snell, and Rene Descartes.3 Eventually,
Pierre de Fermat generalized these laws to determine the path of a ray of light traveling in media
with an arbitrary distribution of refractive indices.4 Recently, recalling a concept previously
introduced by Veselago,5 Pendry suggested using negative refractive index materials to modify
the refraction of light.6 Some years later, the concept of transformation optics was introduced,7

which is a method to control light propagation based on a complicated distribution of the
optical refractive index of a heterogeneous material or metamaterial. These concepts led to the
experimental demonstration of intriguing effects, such as negative refraction, subwavelength-
focusing, and optical cloaking.8–10 However, in all of these demonstrations the redirecting of
a light beam is a result of gradual phase accumulation along the beam path through the material
or metamaterial.

Recently Snell’s law has been revisited and generalized by using metasurfaces that introduce
abrupt phase shifts along the optical path.11 The bending of the refracted beam is not only deter-
mined by the refractive index jump at the interface but also by a distribution of phase disconti-
nuities imposed by a metasurface comprising an array of ultrathin and subwavelength-spaced
optical antennas. This leads to anomalous reflection and refraction of light11,12 that can be even
directed out of the plane the incidence. This effect has been experimentally observed for the
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reflection and refraction of an optical beam from a flat surface with a component of the phase
gradient pointing out of the plane of incidence.13 The concept of phase discontinuities has also
been applied to demonstrate other effects, such as the generation of vortex beams14 and focusing
free from on-axis aberration.15 In this letter, we study refraction and reflection in a more general
geometry, in which a constant gradient of phase discontinuities is imposed on curved interfaces.
In particular, we derive the generalized Snell’s law for flat and spherical interfaces.

In its original formulation, Fermat’s principle states that the trajectory taken between two
points, Pi and Pt, by a ray of light is that of the least optical path, i.e., the physical length multi-
plied by the refractive index.4 A more general form of the principle, known as the principle of
stationary phase, states that the derivative of the phase accumulated along the actual light path, is
zero with respect to infinitesimal variations of the path.4

Now, let us consider a ray of light with wave vector ki incident on a curved interface that
introduces a constant phase gradient∇Φ oriented along an arbitrary direction along the interface,
and separates two media of indices ni and nt, respectively. The direction of the refracted ray with
wave vector kt can be derived using the principle of stationary phase; the difference of phase
accumulated by light travelling along two different paths infinitesimally close to each other has
to be zero (Fig. 1):

δ

Z
φdr ¼ δ

�Z
ki · drþ ∇Φ · sþ

Z
kt · dr

�
¼ ðki − kt þ ∇ΦÞ · ds ¼ 0; (1)

where r and s are the position vector in space and its projection on the interface, respectively.
Equation (1) is valid for all ds on the interface; therefore, the vector ðki − kt þ ∇ΦÞ should be
perpendicular to the tangent to the surface at the point of incidence. Hence we have,

n̂ × ðkt − kiÞ ¼ n̂ × ∇Φ: (2)

Accordingly, a similar relation can be derived for the reflected beam of light:

n̂ × ðkr − kiÞ ¼ n̂ × ∇Φ: (3)

To illustrate the generality of the proposed relations, the reflection and refraction of a light beam
are studied at flat and spherical interfaces.

2 Flat Interface

Figure 2 shows reflection and refraction of a ray of light impinging on a flat surface with an angle
ϑi with respect to the z-axis. Without loss of generality, the plane of incidence is the yz-plane and
the interface is along the xy-plane. Therefore the unit vector n̂ ¼ ẑ and the incident vector ki has
two non-zero components such that ki ¼ ð0; ky;i; kz;iÞ. The flat plane imparts an abrupt phase

Fig. 1 The principle of stationary phase is used to derive the trajectory of a beam of light refracted
from an interface separating two media. We consider two infinitesimally close paths from the point
Pi , located in the medium with refractive index ni , and Pt , located in the medium with refractive
index nt . The difference of the phases accumulated along the paths PiAPt and PiBPt has to be
zero, where A and B are points arbitrarily selected on the interface and infinitesimally close to each
other. The phase difference should include a contribution due to the arbitrarily oriented phase
gradient on the interface.
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jump to the incident wave, characterized by a constant gradient ∇Φ oriented along an arbitrary
direction with respect to the plane of incidence.

We can work out Eq. (2) for this geometry, obtaining:138>><
>>:

kx;t ¼
dΦ
dx

ky;t ¼ ky;i þ
dΦ
dy

: (4)

Due to the lack of translational invariance along the interface, the tangential wavevector of light
is not conserved; the interface contributes additional terms dΦ∕dx and dΦ∕dy, which allow one
to control the refracted beam along both x and y directions. Hence, the refracted ray of light does
not necessarily lie in the plane of incidence.

We use angles ϑi and φt to describe the direction of the refracted beam (see Fig. 2) and obtain
the following generalized law of refraction in three-dimensions:138>><

>>:
cos ϑt sin φt ¼

1

ntk0

dΦ
dx

nt sin ϑt − ni sin ϑi ¼
1

k0

dΦ
dy

: (5)

Similarly, using Eq. (3) we obtain the generalized law of reflection in three dimensions
(Fig. 2). 8>><

>>:
cos ϑr sin φr ¼

1

nik0

dΦ
dx

sin ϑr − sin ϑr ¼
1

nik0

dΦ
dy

: (6)

Note that when the phase gradient is oriented along the plane of incidence (dΦ
dx ¼ 0) the reflected

and refracted beams are also in this plane, and if both components of the phase gradient are zero,
the conventional law of refraction is restored.

In conventional refraction, the critical angle is the angle above which total internal reflection
occurs. An interface with a phase gradient arbitrarily oriented with respect to the plane of inci-
dence alters the relations between the tangential components of the incident, reflected and
refracted k-vector and consequently gives rise to new critical angles for both reflection and
refraction. The new critical angles are reached when the refracted or reflected beams become
evanescent, which means that the respective wave vectors are imaginary in the propagation direc-
tion. This condition is found by equating the tangential component of ktðrÞ to the modulus of the
k-vector in the hosting medium:

Fig. 2 Reflection and refraction from a flat interface with a constant gradient of phase disconti-
nuities. A beam is incident onto the interface separating twomedia with refractive indices ni and nt ,
respectively, forming an angle ϑi with respect to the z-axis. The plane of incidence is the yz-plane.
We describe the directions of the off-plane refracted and reflected beams with angles ϑtðr Þ
(the angle between the refracted (reflected) beam and its projection on the xz-plane) and φr ðtÞ
(the angle formed by the projection of refracted (reflected) beam on the xz-plane and the z-axis).

Aieta et al.: Reflection and refraction of light from metasurfaces with phase discontinuities

Journal of Nanophotonics 063532-3 Vol. 6, 2012

Downloaded From: https://www.spiedigitallibrary.org/journals/Journal-of-Nanophotonics on 02 Jun 2020
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



kjj;tðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kx;tðrÞ2 þ ky;tðrÞ2

q
¼ ntðiÞk0: (7)

From Eqs. (4), (5), and (7) we can derive the following expressions for the critical angles for
transmission:

ϑc;ti ¼ sin−1
�
� 1

ni

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nt2 −

�
1

k0

dΦ
dx

�
2

s
−

1

nik0

dΦ
dy

�
: (8)

As already mentioned, the presence of the phase gradient breaks the translational invariance, and
therefore the critical angles are not symmetric with respect to the xz-plane.

Equation (6) exhibits a nonlinear relationship between the angle of reflection and the incident
angle, which yields two critical angles for reflection:

ϑc;ri ¼ sin−1
�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
1

nik0

dΦ
dx

�
2

s
−

1

nik0

dΦ
dy

�
: (9)

Figure 3 shows the critical angles versus the normalized gradients dΦ
dx ∕

2π
λ0
and dΦ

dy ∕
2π
λ0
. The gray

shaded areas are regions at which transmission/reflection exist for all incident angles. Unlike
conventional refraction and reflection, we can design interfaces with no critical angles, or inter-
faces featuring critical angles only in reflection while preserving the transmission for all incident
angles and vice versa (see Fig. 3).

A demonstration of the generalized refraction law in three dimensions, and out-of-plane
refraction from a flat interface, is presented using an interface patterned with an array of optical
antennas.13 By suitably designing their geometry one can control the phase and amplitude of

Fig. 3 The map shows the critical angles of transmission and reflection calculated for a light beam
traveling from silicon (ni ¼ 3.41) to air (nt ¼ 1) through an interface with a gradient of phase dis-
continuities. The varying values of phase gradient along the in-plane (y axis) and out-of-plane
(x axis) directions are normalized by the factor 2π

λ0
. (a) and (b) are the positive and the negative

critical angles for transmission; (c) and (d) for reflection. The gray-shaded areas are the regions for
which transmission and reflection exist for all of the incident angles. The black square indicates a
phase gradient value for which critical angle of reflection exists while refraction is preserved for all
incident angles [gray area in (a) and (b)]. For the phase gradient corresponding to the blue (red)
circle the critical angle for transmission is at 35 deg. (−35 deg.) while the reflected beam is
preserved for all the incident angles.
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light scattered by each antenna to generate the desired wavefront.16,17 The sample is created by
periodically translating in the x–y plane the unit cell consisting of 8 subwavelength V-shaped
antennas [colored in yellow in the inset scanning electron microscope image of Fig. 4(a)]. The
array imposes a phase gradient on the interface in the direction s that forms an angle α with the
y-axis as shown in the inset. When α is not zero, a component of the phase gradient points out
of the plane of incidence, resulting in an out-of-the-plane scattered beam. The antennas were
designed such that they need to be excited with a linear polarization at an angle of 45 deg, with
respect to the antenna symmetry axes.11,16 To maintain this configuration when the sample is
rotated, we simultaneously rotated the incident polarization.

As described in Ref. 11 part of the light is reflected and refracted according to the conven-
tional laws in the same polarization as the incident beam. Anomalously reflected and refracted
beams are also generated, as described by Eqs. (5) and (6), which are cross-polarized with
respect to the incident beam.

To validate the predictions of the 3-D law of refraction [Eq. (5)], we performed an experi-
mental study of anomalous refraction for various incidence angles ϑi and phase gradient orienta-
tions (α angles). The magnitude of the phase gradient is fixed to j∇Φj ¼ 2π∕15 μm for all the
experiments. The results are summarized in Fig. 4(b), which unambiguously show out-of-plane
refraction with φt ≠ 0. Additionally, the phase gradient orientation changes the out-of-plane
refraction angles in good agreement with Eq. (5). It is worth noting that regardless of the different
orientations of the phase gradient, the ordinarily refracted beam always lies in the plane of inci-
dence, at angles predicted by the conventional Snell’s law. Our experimental setup did not allow
us to monitor the reflected beam.

3 Spherical Interface

Figure 5 shows the schematic of refraction of a light beam at a spherical interface with radius R,
which introduces a constant gradient of phase shift ∇Φ to the incident light. The incident beam
lies in the yz-plane and the interface is at ρ ¼ R in the spherical reference system. Therefore we
have n̂ ¼ −ρ̂ and ðkρ;i; kθ;i; 0Þ.

Fig. 4 (a) Sketch of the experimental setup. The incident light generated by a quantum cascade
laser (λ ¼ 8 μm) impinges on the interface at an angle ϑi with respect to the z-axis. The interface
(xy -plane at z ¼ 0) is between silicon (Si, refractive index ni ¼ 3.41) and air (n1t ¼ 1 and light is
incident from the Si side. We call ϑot the conventional refraction angle, while ϑat and φa

t characterize
the anomalous refraction. (b) Angles of refraction as a function of angle of incidence and phase
gradient orientation α. The black line is the theoretical curve from the classical Snell’s law. Colored
lines are theoretical curves calculated from Eq. (5) for different phase gradient orientations. Circles
correspond to the measured angles (ϑot black circles, ϑat and φa

t colored circles).
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From Eq. (2) we obtain: 8>><
>>:

kϕ;t ¼
dΦ
dϕ

kθ;t ¼ kθ;i þ
dΦ
dθ

: (10)

By imposing these equalities for the component of the k-vector tangential to the interface, one
can easily obtain the direction of the refracted beam, which in general does not lie in the plane of
incidence. Similar equations can be obtained for reflection.

To see the effect of a constant phase gradient on a spherical interface, we consider a pencil of
rays parallel to the z-axis and assume ni > nt. We simplify the geometry by taking a cross sec-
tion along the yz-plane, as shown in Fig. 5(b). In the absence of a phase gradient the rays will be
refracted towards a point located on the z-axis at a distance from the interface that depends on the
ratio of the refractive indices of the two media. The refraction from a spherical interface is com-
monly used in lenses and it can be easily shown that in the limit of the paraxial approximation, all
the rays will converge to the focal point.3 Given this approximation, the distance f at which a ray
will intersect the z-axis is: f ¼ R ϑt

ϑt−ϑi
. Using the approximately linear relation between the angle

of incidence and the angle of refraction (ntϑt ≅ niϑi) we can obtain f ¼ R ni
nt−ni

, which is the

common expression derivable from the Lensmaker’s Formula4 for a plano-convex lens.
If now we consider an interface with a gradient of phase discontinuities, from Eq. (10) we can

derive a relation between the angle of incidence and the angle of refraction. Assuming paraxial

approximation and small phase gradient pointing in the θ̂ direction ∇Φ ¼ dΦ
dθ θ̂, we obtain:

ntϑt ¼ niϑi þ
1

k0

dΦ
dθ

: (11)

By substituting Eq. (11) in the expression of f ¼ R ϑt
ϑt−ϑi

, one can see that the latter is still a

function of the incident angle. This means that a spherical interface with a phase gradient does
not refract a paraxial beam to a single point and therefore cannot be used to focus light.

4 Concluding Remarks

We derived generalized laws of reflection and refraction for interfaces with phase discontinuities.
These laws are general and can be adapted to various geometries. To illustrate the generality of
the generalized laws, the reflection and refraction of a light beam are studied at both flat and
spherical interfaces.

From the conservation of the tangential component of the k-vector, which originates from
Fermat’s principle, we derived the expressions for the angles describing the out-of-plane

Fig. 5 (a) Refraction from a spherical interface with radius R and a constant phase gradient ∇Φ
along the surface. The incident beam comes from the medium with index ni in the yz-plane and
gets refracted in the medium with index nt . A spherical coordinate system is used. (b) Two-
dimensional sketch of a simplified geometry where the incident and refracted beams lie on the
yz-plane.
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reflection and refraction. New critical angles follow from these nonlinear expressions for both
reflected and refracted beams.

Finally, we showed that a spherical interface separating two media does not focus light to a
single point in the presence of a constant phase gradient, even in the limit of paraxial approx-
imation. Nonetheless, a flat interface with phase gradient can be used to focus light if a nonlinear
phase distribution is used. This design has been recently demonstrated,15 showing the capability
of light focusing without spherical aberrations.
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