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Abstract—A theoretical and experimental study of the optical
gain and the linewidth enhancement factor (LEF) of a type-I
quantum-cascade (QC) laser is reported. QC lasers have a sym-
metrical gain spectrum because the optical transition occurs
between conduction subbands. According to the Kramers–Kronig
relation, a zero LEF is predicted at the gain peak, but there
has been no experimental observation of a zero LEF. There are
other mechanisms that affect the LEF such as device self-heating,
and the refractive index change due to other transition states
not involved in lasing action. In this paper, the effects of these
mechanisms on the LEF of a type-I QC laser are investigated
theoretically and experimentally. The optical gain spectrum and
the LEF are measured using the Hakki–Paoli method. Device
self-heating on the wavelength shift in the Fabry–Perot modes is
isolated by measuring the shift of the lasing wavelength above the
threshold current. The band structure of a QC laser is calculated
by solving the Schrödinger–Poisson equation self-consistently.
We use the Gaussian lineshape function for gain change and the
confluent hypergeometric function of the first kind for refractive
index change, which satisfies the Kramers–Kronig relation. The
refractive index change caused by various transition states is
calculated by the theoretical model of a type-I QC laser. The
calculated LEF shows good agreement with the experimental
measurement.

Index Terms—Intersubband transition, linewidth enhancement
factor (LEF), quantum-cascade (QC) laser.

I. INTRODUCTION

S INCE their invention in 1994, quantum-cascade (QC) lasers
have drawn much attention as a compact and high-power

light source in the midinfrared (mid-IR) wavelength range be-
tween 3 to 20 m [1]. Compared with conventional semicon-
ductor lasers based on the interband transition between elec-
trons in the conduction band and holes in the valence band,
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QC lasers rely on the intersubband transition between conduc-
tion subbands. Because of the characteristics of the intersubband
transition, QC lasers are expected to have advantages over con-
ventional semiconductor lasers such as a narrow and symmetric
gain spectrum and less temperature dependence of the threshold
current [2]. For a review, see the feature section on QC lasers [3].

Linewidth enhancement factor (LEF, ) is one of the im-
portant parameters of semiconductor lasers [4]. A large LEF
can result in large chirp under direct current modulation and
in filamentation at high-power operation. Therefore, a small
LEF is desirable. QC lasers have a narrow symmetrical gain
spectrum because the optical transition occurs between con-
duction subbands which have the same curvature. From the
Kramers–Kronig relation, this symmetric gain results in the
zero carrier-induced refractive index variation, and the zero
LEF at gain peak wavelength.

There have been reports on experimental observations of
the LEF in type-I QC lasers. The LEF factor of 0.1 (at 15 K)
was reported at a lasing wavelength of 4.6 m by applying the
Kramers–Kronig transformation to the measured gain spectrum
near the lasing wavelength [5]. Another report shows the LEF
of 0.5 (at 78 K) at a lasing wavelength of 8.22 m based on
a direct measurement of the amplified spontaneous emission
(ASE) peak wavelength shift [6]. The negative LEF was a result
of device self-heating in continuous-wave current injection
mode. However, there has been no report of near zero LEF
at the gain peak although the symmetric gain spectrum was
observed.

In addition to the band-filling effect from the two con-
duction subbands that participate in the lasing action, there
are several other mechanisms that affect the LEF near the
lasing wavelength in a QC laser. One is current-induced de-
vice self-heating, which is caused by nonradiative processes
such as optical phonon emission [7]. Because the overall
threshold current of a QC laser is relatively high compared
with conventional semiconductor lasers, device self-heating
gives a significant contribution to the LEF. Another factor is
the effect of transitions other than the lasing transition on the
refractive index change near the lasing wavelength. Compared
with the line shape function for the optical gain or loss, the
line shape function for the refractive index change has a slow
spectral variation. Therefore, if the optical dipole moment of a
transition is not negligible, the variation of the electron popu-
lations in other transition states, which are far from the lasing
wavelength and contribute very little to the gain or loss at the
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lasing wavelength, can still significantly affect the refractive
index change at the lasing wavelength. The other contribution
is due to the free carrier plasma effect [8]. In the unipolar QC
laser, the number of free carriers remains almost constant, even
if injection current is varied. This is a consequence of charge
neutrality in the active/injector region since the sheet density
of positively charged donor ions and negative electrons in the
active/injector region are equal. Therefore, the refractive index
change caused by the free carrier plasma effect is negligible
and is not considered in this study.

In this paper, we investigate the LEF of a type-I QC laser
both theoretically and experimentally. Based on the compre-
hensive band structure calculation, we show the effect of transi-
tion states other than the lasing transition state on the refractive
index change near the lasing wavelength. In the experiment, we
investigate device self-heating on the continuous-wave current
injection by observing the shift of the lasing wavelength above
the threshold current. When device self-heating is taken into ac-
count in the experiment, the measured LEF shows good agree-
ment within measurement error with the theoretical prediction.

This paper is organized as follows. In Section II, we present
a comprehensive model of a type-I QC laser, including band
structure calculation with a self-consistent solution and a rig-
orous model for the polar-optical-phonon (POP) scattering and
the impurity scattering times. In Section III, we present the op-
tical gain and the LEF based on the Hakki–Paoli method, where
device self-heating at continuous-wave current injection is sepa-
rated by subtracting the shift of the lasing wavelength above the
threshold current. In Section IV, based on the calculated band
structure and the POP scattering time in Section II, we present
the refractive index change from other transition states not in-
volved in lasing action using the Gaussian lineshape function.
Finally, a brief conclusion is given in Section V.

II. THEORETICAL MODEL

A. Band Structure Calculation with Self-Consistent Solution

The structure of the QC laser used in this study, D2798 [6], is
based on a so-called three-well vertical-transition design of the
active region with InGaAs quantum wells and InAlAs barriers
grown lattice-matched to InP substrate. In this measurement, the
lasing wavelength is 8.2 m, which is slightly different from the
lasing wavelength of 8.22 m reported in [6]. The band struc-
ture and material composition are obtained from [9], where the
thicknesses of certain layers are modified to achieve a lasing
wavelength of 8.2 m.

In order to calculate the band structure of the QC laser, the
built-in electric potential is discretized with the interval of 1 .
The Schrödinger equation under the effective mass approxima-
tion is solved numerically by the finite difference method [10].
In this calculation, the conduction subband nonparabolicity ef-
fect is ignored. The electric field generated by positively ion-
ized donors and negatively charged electrons is taken into ac-
count by solving the Schrödinger equation and Poisson equa-
tion self-consistently [10]. Fig. 1 shows the flow chart for the
self-consistent calculation. Self-consistent solutions converge
after ten iterations in this calculation.

Fig. 1. Flowchart for the self-consistent solution. All parameters are defined
in one period (L ) of a QC laser. U(z) is the total potential and f (z) is the
envelope function of the ith subband. N (z) and n(z) are the densities of
the ionized donors and electrons at position z, respectively. N is the total
surface-doping density, and "(z) is the dielectric constant.

In case of the QC laser, the quasi-Fermi level cannot be de-
fined in the whole active/injection region due to the external
electric field. This nonthermal equilibrium situation makes it
difficult to determine the electron distribution in the active/in-
jector region and to solve the Poisson equation. According to
the self-consistent rate-equation model [11], most of the elec-
trons in one period of the active/injection region are located in
the ground state of the injector region below the threshold cur-
rent. The total sheet doping density in the active region of the
QC laser used in this study is cm . Therefore, we
assume that the electron sheet density of cm is lo-
cated in the ground state of the injector region to satisfy charge
neutrality.

Fig. 2 shows the conduction-band diagram and the squared
amplitude of the wave functions involved in the laser action in
two periods of the active/injector region with and without the
self-consistent calculation. The applied external electric field is
taken to be 50 kV/cm. In Fig. 2(a), the energy level separa-
tions in the active region are meV (8.28 m) and

meV when the self-consistent calculation is not
included. The calculated -dipole lengths are ,

, and , respectively, where is
the axis of the device growth. When the doping effect is in-
cluded by the self-consistent calculation as shown in Fig. 2(b),
the calculated transition energies involved in lasing action are

meV (8.2 m) and meV. The cor-
responding -dipole lengths are , ,
and , respectively. All the parameters used from the
next section will be obtained from the self-consistent calcula-
tions unless specified otherwise.

Fig. 3(a) shows the squared amplitude of the wave function
of the injector ground state in two periods of the active/injector
region. The relevant electric fields are shown in Fig. 3(b) with
(ten iterations) and without (zero iterations) considering the
charge distribution of donors and electrons. Because of the
positively charged donors in the injector region, the applied
electric field linearly decreases in the doped region. Then,
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Fig. 2. Schematic conduction band diagram and the squared amplitude of the
wave functions involved in the laser action in two periods of the active/injector
region without and with the self-consistent calculation. The layer sequence of
one period of the active/injector region, starting from the injection barrier is as
follows: 40=29=15=74=9=60=24=29=11=34=11=34=12=37=17=41.
Thicknesses are in angstroms. In Al As-barrier layers are in
bold, and In Ga As-well layers are in regular, and doped layers
(n = 2:5 � 10 cm ) are underlined. (a) Without the self-consistent
calculation. (b) With the self-consistent calculation.

Fig. 3. (a) Wave function distribution of the injector ground state in two
periods of the active/injector region. (b) Total electric fields applied to the
active/injector region with (ten iterations) and without (zero iterations) the
self-consistent calculation.

the negatively charged electrons in the injector region cancel
the positive electric field caused by donors. Therefore, the
electric field applied to the active region is not affected by the

Fig. 4. Calculated electric potential profiles of two periods of the
active/injector region with (ten iterations) and without (zero iterations)
the self-consistent solution.

positively charged dopant in the injector region. Fig. 4 shows
the calculated electric potential profiles of two periods of the
active/injector region with and without the self-consistent ap-
proach. Deviation of the electric potential in the self-consistent
calculation is significant for the injector region. Thus, doping
mainly affects the wave functions and transition energies of
the injector region. Therefore, there are only slight changes in
the energy levels and -dipole lengths of the active region in
Fig. 2(b) compared with Fig. 2(a).

B. Intersubband and Intrasubband Scattering Times of a
QC Laser

POP and impurity scattering play an important role in deter-
mining the intersubband and intrasubband scattering times in
a QC laser. The intersubband scattering time is related to the
electron distribution at each subband. In a QC laser, population
inversion between electron subbands is determined by a careful
design of intersubband scattering times. The intersubband POP
emission scattering is dominant in the QC laser, where subbands
are separated by more than one optical phonon energy [2]. On
the other hand, because of the low phonon occupation number,
the intrasubband POP absorption scattering time is very long,
especially at low temperature [12].

The emission linewidth of a QC laser is important for deter-
mining the magnitude of the optical gain and refractive index
change. The emission linewidth of a QC laser is related to the
electron dephasing time, which is determined by scattering
events that change the electron momentum or energy in the
same subband (intrasubband) and different subbands (intersub-
band). The full-width at half-maximum (FWHM) linewidth
can be expressed as

(1)

The intrinsic linewidth is independent of temperature,
and caused by impurity scattering and interface roughness.
This accounts for the inhomogeneous broadening and fol-
lows a Gaussian distribution. The second term is due to the
electron-POP scattering and increases with temperature. This
represents the homogeneous broadening and is described by
the Lorentzian lineshape function.

The intrasubband impurity scattering time is significant in de-
termining the linewidth of a QC laser at low temperature and

Authorized licensed use limited to: Harvard Library. Downloaded on May 29,2020 at 15:00:03 UTC from IEEE Xplore.  Restrictions apply. 



1666 IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 40, NO. 12, DECEMBER 2004

even room temperature. There have been experimental reports
to demonstrate that the linewidth of a QC laser is significantly
affected by the impurity scattering, which is caused by the ion-
ized donors in the injector region [13], [14]. However, the in-
tersubband impurity scattering times are much longer than the
intersubband POP scattering times because the impurity scat-
tering is an elastic scattering process.

(2)

(3a)

(3b)

C. Intersubband POP Scattering Time

Intrasubband POP scattering rate in quantum wells was de-
rived from the Fröhlich Hamiltonian for bulk optical phonons
[15]. We follow the same derivation steps and obtain the in-
tersubband POP emission-scattering rate between sub-
bands and .

In (2), , where is the permittivity
in free space, and and are the optical and static dielectric
constants, respectively. The term meV is one POP
energy of InGaAs. The expression is
the phonon occupation number, which is given by the Bose–Ein-
stein distribution. At 77 K, the phonon occupation number is
0.005. and are the total en-
ergy of the initial and final conduction subbands, respectively.

and are the respective subband bandedges and
is the transverse energy component of the total

subband energy. The term is the envelope function for the
-direction. When , (2) has the same form as [16, eq.

(11)], but is smaller by a factor of . This factor of differ-
ence results from the usage of different system of units [MKS
units are used in this paper, while CGS units are used in [16]] in
the definition of the Fröhlich Hamiltonian.

Fig. 5 shows the dependence of the intersubband POP scat-
tering times on the transverse energy of the initial sub-
band with the self-consistent calculation. The intersubband POP
scattering times increase with respect to the transverse energy,
which is a general characteristic of the POP scattering time. At
the zone center of each subband , the corresponding

Fig. 5. Calculated intersubband POP scattering times versus a transverse
energy of a quantum-well subband E . Wave functions and confined energies,
used for scattering times, are obtained from the self-consistent calculation.

Fig. 6. Schematic conduction band diagram and the squared amplitude of the
wave functions for the impurity scattering calculation. The arrows indicates
respective position of the delta-doping, which is assumed in this calculation.

intersubband POP scattering times without the self-consistent
calculation are ps, ps, and ps.
When the doping effect is included, the intersubband POP scat-
tering times are ps, ps, and ps,
respectively.

D. Intrasubband Impurity Scattering Time

The intrasubband impurity scattering can be theoretically
modeled with the screened Coulomb potential [17]. The de-
rived equation for the intrasubband impurity scattering is given
in (2) and (3) where represents the screening parameter.
In (3), is the permittivity in free space and is the static
dielectric constant. The terms and are the sheet density
and the position of the impurity, respectively. and are
the magnitude of in-plane momentum and the -directional
envelope function, respectively.

As shown in Fig. 6, the active region of a QC laser
is sandwiched by two injector regions, each of which has
its own doping region. Because the impurity scattering depends
on the relative distance between electrons and charged donors,
we investigate the impurity scattering of the left and right
donors separately. In a QC laser, donors are distributed through
quantum-well layers of the injector region. In this calculation,
we simplify the donor distribution as a delta-doping, as follows.
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Fig. 7. Calculated intrasubband impurity scattering times versus the transverse
energy of a quantum-well subband E . Wave functions and confined energies,
used for scattering times, are obtained from the self-consistent calculation. (a)
Scattering time for the state 3 in the active region. (b) Scattering time for the
state 2 in the active region.

The total sheet doping density of cm in one period
of a QC laser exists at the center of each doping region.

Fig. 7 shows the dependence of the intrasubband impurity
scattering times and on the transverse energy of the
initial subband with the self-consistent calculation. In Fig. 7(a),
the left donor gives shorter scattering times than the right donor
because the wavefunction distribution of the state 3 is closer to
the left donor than the right donor. In the same manner, the right
donor gives shorter intrasubband scattering time to the state 2 in
Fig. 7(b). The overall intrasubband impurity scattering times are
shorter than the intersubband POP scattering times in Fig. 5. For
example, the respective total intrasubband impurity scattering
times are ps and ps at the zone center
of subbands . The minimum intersubband POP scat-
tering time at the zone center is ps. Therefore, the
intrasubband impurity scattering significantly affects the emis-
sion linewidth of a QC laser.

III. EXPERIMENTAL EXTRACTION OF DEVICE SELF-HEATING

ON LINEWIDTH ENHANCEMENT FACTOR

A. Linewidth Enhancement Factor Extraction

A QC laser sample is mounted on a liquid nitrogen cryostat
(78 K) and driven by a ILX LDP-3811 precision-current source
in continuous-wave mode. The emitted light from the QC
laser is focused by a convex lens and guided into a BOMEM
DA8 Fourier transform infrared (FTIR) spectrometer with a
mercury–cadmium–telluride detector. The lasing wavelength of

Fig. 8. (a) Measured modal gain spectra from the Hakki–Paoli method.
(b) Differential modal gain spectra at the current increment of 2 mA.

the QC laser is 8.2 m at the threshold current of 158 mA. The
ASE spectra are taken from 148 to 156 mA in 2-mA current
intervals. The measured group index is around 3.47.

The net modal gains are extracted from the ASE spectra at the
current increment of 2 mA using the Hakki–Paoli method [18].
The net modal gain is determined by the modulation depth of
the Fabry–Perot (FP) resonances in the ASE spectra

(4)

where is the intrinsic loss, is the ratio of an intensity max-
imum and minimum in the FP resonances, is the cavity length,
and and are mirror reflectivities. The mirror loss in the
last term of (4) is 9.25 cm when the cavity length is 1.36
mm. Symmetric gain spectra are shown in Fig. 8(a). The sym-
metry is a clear indication of intersubband transitions. Fig. 8(b)
shows the differential gain spectra at the current increment
of 2 mA. Owing to the characteristics of the intersubband tran-
sition, the differential gain spectra are relatively flat over the
wavelength span of 80 nm at a given current.

The differential refractive index change induced by the
current change can be obtained by

(5)

where is the wavelength shift of FP peaks due to cur-
rent variation and is the adjacent longitudinal FP
mode spacing at a wavelength . Fig. 9(a) shows peak
wavelength shifts at 2-mA current increments, and an
average value of 0.16 nm is measured. Fig. 9(b) shows the
corresponding differential refractive index change . The
resulting is estimated for a 2-mA current
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Fig. 9. (a) FP resonant peak wavelength shift spectra at the current increment
of 2 mA. The average wavelength shift is 0.16 nm, and device self-heating is
included. (b) Differential refractive index change spectra extracted from the
peak wavelength shift and the FP mode spacing. The average value is �n =

7� 10 for a 2-mA current increment, and device self-heating is included.

Fig. 10. (a) Linewidth enhancement factor spectra calculated from the
measured differential refractive index change and the differential gain with a
current increment of 2 mA. The average value is�0.6 when device self-heating
is included.

increment. From the extracted differential gain and refractive
index change, the LEF can be obtained by

(6)

Fig. 10 shows the extracted LEF spectra at 2-mA current incre-
ment. The measured LEF spectra do not vary appreciably over
the wavelength span of 80 nm at each injection current, and do
not increase for increasing injection current. These measured
characteristics of the LEF are ascribed to the intersubband tran-
sition. An average value of the LEF is 0.6, which is close to
the previous measurement [6]. The fluctuation from the average
value of 0.6 is less than 0.1, and results from measurement

Fig. 11. (a) Optical spectra of the QC laser operating above the threshold
current between 158 and 164 mA. The lasing wavelength is shifted by 0.16
nm with a 2-mA current increment. (b) Variation of the FP resonance peak near
the lasing wavelength both above and below the threshold current. The vertical
arrow indicates the threshold current at 158 mA.

noise. This negative LEF is caused by device self-heating, as
described in the next section.

B. LEF Extraction Considering Device Self-Heating

In the Hakki–Paoli method, the refractive index change is ob-
tained by measuring the wavelength shift in the FP resonance
modes near the threshold current for a give change in the in-
jection current. In case of the continuous-wave current injec-
tion mode, the wavelength shift by device self-heating is signif-
icant. Below the threshold current, the wavelength shift in-
duced by the increase in current results from the refractive index
change by increase of carriers , the refractive index change
by active region temperature , and thermal expansion of
the laser cavity

(7)

On the other hand, the carrier density is nearly clamped above
the threshold current, and the wavelength shift of the FP reso-
nance is ascribed only to device self-heating

(8)

Therefore, the wavelength shift due to device self-heating can
be considered by subtracting the wavelength shift of the lasing
wavelength above the threshold current from the wavelength
shift below the threshold current [7], [19]. Fig. 11(a) shows the
optical spectra of the QC laser operating above the threshold
current. The lasing wavelength is shifted by 0.16 nm with a
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Fig. 12. (a) Calibrated FP resonant peak wavelength shift spectra. A
wavelength shift of 0.16 nm is subtracted from the respective wavelength shift
in Fig. 9(a) to isolate device self-heating. (b) Calibrated differential refractive
index change spectra. The average value of �n is reduced as �1 � 10

when device self-heating is subtracted.

Fig. 13. Linewidth enhancement factor spectra when device self-heating is
subtracted. The average value is around zero within �0.1.

2-mA current increment. Fig. 11(b) shows the variation of
the FP resonance peak near the lasing wavelength both above
and below the threshold current. Fig. 11(b) shows an almost
linear relation, which means that device self-heating is the
dominant mechanism for the wavelength shift in the QC laser.
Fig. 12(a) shows the calibrated peak wavelength shift below
the threshold current, where a wavelength shift of 0.16 nm is
subtracted from the respective wavelength shift in Fig. 9(a).
The calibrated wavelength shift is around 0 nm when the
wavelength shift caused by device self-heating is subtracted.
The corresponding differential refractive index change is
shown in Fig. 12(b). Fig. 13 shows the LEF induced only by

Fig. 14. Calculated emission linewidth caused by the intersubband POP
emission scattering and intrasubband impurity scattering.

variation of carriers below threshold current. It shows the near
zero value at the wavelength span of 80 nm near the lasing
wavelength of 8.2 m.

IV. OPTICAL GAIN, REFRACTIVE INDEX CHANGE, AND EFFECT

OF NONLASING TRANSITIONS ON THE LEF

A. Theoretical Model for Gain and Refractive Index Change
Spectra Based on the Gaussian Line Shape Function

Because the electron concentration in each conduction sub-
band is distributed near zone centers , the gain spec-
trum of a QC laser can be modeled as a simple two-level system,
where only one optical transition that contributes to lasing ac-
tion is considered [2]. In reality, all possible optical transitions
should be included for obtaining the optical gain and the refrac-
tive index change spectrum in a QC laser. In particular, the effect
of the refractive index change caused by the optical transitions
other than the lasing transition state is significant at the lasing
wavelength because the line shape function for the refractive
index change has a slowly varying tail. This would contribute to
the deviation from a zero LEF at gain peak, which is expected
in a symmetric gain spectrum.

As we see in Section II, the intrasubband impurity scattering
and intersubband POP scattering are important for determining
the emission linewidth of a QC laser. The intersubband or intra-
subband scattering time can be converted into the emission
linewidth based on the following equation:

meV
ps

(9)

Fig. 14 shows the dependence of the emission linewidth
caused by the intersubband POP emission scattering and intra-
subband impurity scattering on the transverse energy of
the initial subband with the self-consistent calculation. For the
emission linewidth induced by the POP scattering, the sum of

in Fig. 5 is used. In case of the emission
linewidth caused by intrasubband impurity scattering, the sum
of in Fig. 7 is used for the emission linewidth
calculation. The emission linewidth caused by the intrasubband
impurity scattering is larger than the emission linewidth caused
by the intersubband POP emission scattering. Therefore, we
assume that the intrasubband impurity scattering is more im-
portant in determining the emission linewidth of a QC laser.
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The electrons occupy each subband following the
Fermi–Dirac distribution. Therefore, the average emission
linewidth can be obtained by a weighted mean over the
Fermi–Dirac distribution function. When we pick the value of
the emission linewith at meV in Fig. 14 as a typical
average number, the average emission linewidths induced by
the impurity scattering and the POP scattering are around
7.0 and 1.5 meV, respectively.

Taking into account the inhomogeneous broadening induced
by the impurity scattering, the total material gain spectra with
the Gaussian distribution function is given by

(10)

where , and we sum over all contributions from each
pair of levels and . is the length of one period of the ac-
tive/injector region, is the background refractive index, is
the speed of light in free space, and is the permittivity in free
space. In (10), is the intersubband dipole moment
between level and , is the variance of the Gaussian dis-
tribution function and is related to the FWHM linewidth as

. The terms and are the electron sheet den-
sities (cm ) in subbands and , respectively. The refractive
index change and gain are related by the Kramers–Kronig rela-
tion, which is a Hilbert transform. The Hilbert transform of the
Gaussian function is given by [22]

(11)
where and are constants, and represents the confluent
hypergeometric function of the first kind. The corresponding
refractive index change is expressed as

(12)

B. Refractive Index Change Near Lasing Wavelength Due to
Transitions Not Involved in Lasing Action

When the injection current increases below threshold, we as-
sume that a certain number of electrons only move from the
ground state of the injector region to the excited state of
the active region in Fig. 2. This assumption is valid when
the injection efficiency is nearly 100% and the population inver-
sion ratio is high [23]. We calculate all the intersubband
dipole moments that are related with the or level. Among
them, four major transitions that have large intersubband dipole
moments are shown in Fig. 15. The calculated transition ener-
gies and dipole moments are given in Table I.

Fig. 15. Schematic conduction band diagram and the squared amplitude of
the wave functions of four major transitions that have large intersubband dipole
moments. The allowed optical transitions are denoted by arrow.

TABLE I
CALCULATED TRANSITION ENERGIES AND DIPOLE MOMENTS OF THE

FOUR MAJOR TRANSITIONS IN FIG. 15

In order to investigate the optical gain and refractive index
change induced by the optical transitions tabulated in Table I,
two other parameters of and in (12) need to be determined.
From the rate equation relating energy level between and
below the threshold current, the steady-state electron sheet den-
sities are expressed as and
[2]. The term is the unit charge and is the cur-
rent density, where is the injection current, is the width
of the active region, and is the laser cavity length, respec-
tively. The s are POP scattering times and are calculated by
(2). The resulting lifetimes are ps, ps,

ps, and ps.
At low temperature, is dominated by the effect of the

quantum-well thickness fluctuation so that we assume that
is valid for all transitions. The broadening line variance in

(10) is determined by fitting the measured modal gain spectra in
Fig. 8(a). The theoretical modal gain model for lasing transition
is as follows:

(13)

where is the optical confinement factor and is the in-
trinsic modal loss. The optical confinement factor of 0.5 is as-
sumed when 32 active regions are considered [6]. The back-
ground refractive index is , and the total thickness
of one period of the active/injector region is nm.
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Fig. 16. (a) Measured modal gain spectra in Fig. 8(a) and fitted modal gain
spectra based on (13). The fitting parameters are 
 � 2:75 meV. (b) Close
view of Fig. 16(a) at the wavelength range between 8.16 and 8.24 �m.

Fig. 16(a) shows the measured and calculated net modal gain
spectra. meV (FWHM meV) is chosen to
get the best fitting results based on (13). The optical power level
far from the lasing wavelength (8.1 and 8.3 m) is very small so
that the modal gain measurement is more sensitive to noise and,
more uncertain. Fig. 16(b) shows a close view of the extracted
and calculated optical modal gains near the lasing wavelength
between 8.16 and 8.24 m, where the refractive index change
and LEF are measured in Fig. 12 and 13. We choose a fitting
parameter of to match measured and calculated modal gain
over this wavelength range. The FWHM linewidth of 6.47 meV,
used for fitting, is close to the measured values in other QC laser
structures at low temperature [20], [21]. In addition, this value
of 6.47 meV is close to the theoretically estimated FWHM of
7.0 meV, which is due to the dominant impurity scattering.

The respective differential modal gain and refractive
index change between the energy levels and at the
incremental current of is given by

(14)

(15)

Fig. 17. Calculated differential (a) modal gain and (b) refractive index changes
due to the four transitions in Table I with a 2-mA current increment.

where is chosen among the five states of , , ,
, and . The sign of the current variation is determined by

the fact that the incremental current makes the optical absorp-
tion of each transition increase or decrease. If other parameters
are fixed in (14) and (15), the differential refractive index change
is equal at the same amount of the current variation . For ex-
ample, the differential refractive index change is equal at 2 mA
current increase between 150–148 mA and 152–150 mA. Here,
we will show the differential refractive index change between
150 and 148 mA in a 2-mA current step.

Fig. 17 shows the corresponding differential modal gain and
refractive index changes caused by the four transitions in Table I
at the current increment of 2 mA. In Fig. 17(a), lasing action
takes place at the optical transition , which gives a modal
gain change of around 1.6 cm . But the differential modal gain
from the optical transitions not involved in lasing action is neg-
ligible because the Gaussian line shape function for optical gain
decays very fast from the peak value. However, the differen-
tial refractive index changes from the other transition states are
significant as shown in Fig. 17(b) because the line shape func-
tion for the refractive index change varies very slowly around
the peak value. The differential refractive index change induced
by the transition monotonically decreases and has a
zero crossing at the lasing wavelength of 8.2 m. The differen-
tial refractive index changes caused by other transitions than the

are relatively flat. The optical absorption of the
transition increases with respect to the increase in the injection
current so that this transition contributes to the negative differ-
ential refractive index change (negative FP resonant wavelength
shift) near the lasing wavelength. On the other hand, the increase
of the injection current makes the absorption of and
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Fig. 18. (a) Calculated refractive index change caused by only 3 � 2 (solid
line) and by all four transitions in Table I (dotted line) with a 2-mA current
increment. (b) Calculated LEF spectra caused by only 3 � 2 (solid line) and
by all four transitions in Table I (dotted line). The LEF has a value between
�0.2 and 0.2 with a zero crossing at the lasing wavelength of 8.2 �m.

transitions smaller, and they contribute to the positive
differential refractive index change (positive FP resonant wave-
length shift) near the lasing wavelength.

Fig. 18(a) shows the resultant differential refractive index
changes for an injection current increase of 2 mA when only the

transition is included (solid line) and when four tran-
sitions are included (dotted line), respectively. Because of the
long-tail of the refractive index change from other transitions
states not involved in the lasing action , the overall re-
fractive index spectrum is shifted upward by . Fig. 18(b)
shows the corresponding LEFs in the above two cases. There is
a slight decrease of the LEF of 0.04 caused by contributions
from other transition states, which have negligible contributions
to the modal gain change near the lasing wavelength.

Fig. 19 shows comparison of the measured and calculated
LEF. Compared with the measured LEF, the calculated LEF has
small values between 0.2 and 0.2. We observe a zero-crossing
of the LEF at near the lasing wavelength from the theoretical
model, where several parameters are obtained by fitting the mea-
sured optical modal gain.

V. CONCLUSION

We present theoretical and experimental results of the LEF
in a type-I QC laser. In addition to a carrier-induced refractive
index change caused by two conduction subbands that partic-
ipate in lasing action, two other mechanisms such as device
self-heating and the refractive index change by transition states
not involved in lasing action are investigated theoretically and

Fig. 19. Comparison of the measured (scattered dots) and the calculated
(dotted lines) LEF. Measured LEF is taken from Fig. 13 and the calculated one
is from Fig. 18(b).

experimentally. Among them, device self-heating proves to be
the most dominant factor as known from the experimental re-
sults. When the red-shift of the FP resonance caused by device
self-heating is subtracted, the extracted LEF shows significant
reduction from 0.6 to near zero. The refractive index change
caused by transition states other than the lasing transition can
give a constant upward or downward shift to the LEF spectrum
near the lasing wavelength. The magnitude of this shift depends
on the laser structure. In the QC laser used in this study, theoret-
ical calculation predicts the LEF change of about 0.04 when
the Gaussian line shape function is used. The measured and cal-
culated LEF over the 80-nm wavelength range show a very low

of 0.2.
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