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I. MATERIALS AND METHODS
A. Tuning the QCL emission into the gas absorption line

External-Cavity (EC)-QCLs rely on a diffraction grating mounted on a precisely controlled actuator (piezo-electric, stepper-
motor, voice-coil actuator). The laser device used in this paper (Daylight Solutions HHG 41045), is factory calibrated for grating
tuning of the emission, but this tuning is discrete and typically has a resolution of 0.1 cm~'. According to the manufacturer
specifications, the target emission wavenumber and the actual emission wavenumber may differ by up to 1 cm~!. Once the
grating is tuned to a desired position, continuous tuning can occur by changing the temperature of the laser. For the experiments
described here, tuning into an absorption line was performed as follows: a line is selected and the grating of the EC-QCL is tuned
close to the HITRAN value for the transition, then the QCL temperature is cycled between 17 and 22°C while the transmitted
intensity through the gas cell is monitored by a Vigo PV-106 HgCdTe detector. If during this cycling of the temperature a strong
absorption feature was observed, the QCL temperature was finely adjusted in order to minimize the transmitted intensity. The
emission wavenumber of the QCL was then measured on the FTIR and compared with HITRAN data to confirm that the targeted
transition was effectively selected. If during the cycling of the QCL temperature no absorption feature was seen, then the grating
was tuned by increments of 0.1 cm™! until an absorption feature was observed.
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Figure S1. A Photograph of the experimental setup showing the different components of the laser cavity, the path of the QCL beam (red),
and how the output light (blue) is collected. B Plot of the measured relative emission frequency of the THz gas laser as a function of the
back-mirror position for J;,= 10, (vTu, ~ 0.299 THz).

B. Controlling the pressure inside the THz laser cavity

The operating pressure range of the laser (Fig. S1A) lies between 10 mTorr and 100 mTorr (or 1.3 Pa to 13 Pa). To measure
such low pressure levels in the cavity we use a Pirani pressure gauge (Alcatel sensor AP1004 and controller ACR1000) which
has a resolution of 10~° Torr and an accuracy of 10~ Torr. To fill the cavity with a specific amount of gas, first a high vacuum
(pressure below 10~5 Torr) is achieved in the cavity by using a Varian DS402 rough pump and a Varian V-70LP Turbo pump.
A sample tube connected to the vacuum manifold with a valve and containing a few Torrs of pure nitrous oxide at atmospheric
pressure is cooled down by a bath of liquid nitrogen (see schematic in Fig. 2A of the manuscript). Once high vacuum is reached
in the cavity, nitrous oxide is introduced in the cavity by closing the vacuum pump valve, opening the valve of the sample tube
and warming the tube and its contents. Since the liquid nitrogen bath has initially completely solidified the nitrous oxide in
the tube, the sublimation of nitrous oxide will progressively increase the pressure in the cavity. The valve of the sample tube
is closed when the proper pressure is reached in the cavity. To reduce the pressure in the cavity, nitrous oxide can be recycled
into the sample tube by immersing it again in a bath of liquid nitrogen. This method allows for a slow rise of the pressure in
the cavity and for reusing of the gas between experiments. Other methods, such as using a variable leak valve, would allow for
precise pressure control but would not allow for reusing of the gas.

C. Measuring the THz laser output

Once the QCL was tuned into an absorption line and its emission frequency was confirmed, IR radiation passed through a hole
in an off-axis parabolic mirror, through a ZnSe window at Brewster’s angle, and through a 1 mm diameter pinhole into the laser
cavity containing the molecular gas. Then, the back-mirror of the THz cavity was moved until lasing began and THz intensity
was measured by the detector. Schottky diode detectors used for that purpose were Virginia Diodes, Inc. Zero Bias detectors
(ZBD) with waveguide sizes WR3.4, WR2.2, WR1.5, WR1.2, and WR1.0 depending on the targeted emission frequency. The
signal from the detector was amplified using a low-noise voltage amplifier (Stanford research SR560). The amplification factor
was typically set between 5000 and 20,000.

The power output of the laser was measured using a calibrated power meter THZ5B-BL-DZ-DO0 from Gentec electro-optics.

The spectral lines of the THz laser were measured using a receiver and mixer from Virginia Diodes. The WR2.2 receiver,
covering 300 GHz to 550 GHz operated with a multiplier factor of 36 with a local oscillator (LO) power of 10 dBm. The
WRL.5 receiver, covering 550 GHz to 775 GHz operated with a multiplier factor of 54 with an LO power of 15 dBm. The signal
generator providing the LO signal was a Hittite HMC-T2240. The intermediate frequency (IF) was measured on an Agilent
E4448A spectrum analyzer.

To obtain the molecular gain profile of the THz laser at a given pumped transition, the emission frequency of the laser was
measured for different positions of the back-mirror. The free spectral range of the 15 cm long Fabry-Perot cavity is of the order of
1 GHz. As the relative position of the mirror increases, the length of the cavity decreases and the cavity mode (=~ 10 — 100 MHz
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Figure S2. Schematic showing the tuning range of the THz laser for a given pumped transition. As the back-mirror of the gas cavity is
translated, the free spectral range of the resonator is modified, resulting in a shift of the cavity modes. This in turn causes the emission
frequency of the laser to shift within the frequency range of the molecular gain profile.

linewidth) is shifted toward higher frequencies (Fig. S2). This in turn shifts the laser frequency, to minimize the cavity losses
and maximize the gain. In Fig. S1B, the emission frequency of the laser is plotted as a function of the position of the back-
mirror. Since laser emission can only happen while a cavity mode overlaps with the gain profile of the pumped transition, this
measurement gives the tuning range of the QPML (= 1 MHz) for a given transition, as shown by the grey curve of Fig. 2E of
the manuscript.

II. THEORETICAL MODELING

In the main text, a simple model is presented to describe the lasing behavior at low pressures with negligible intermolecular
collisional transition rates. In order to fully understand the lasing behavior across all pressures, we have developed a more
comprehensive model that thoroughly captures the collisional physics and can accurately predict the performance of QCL-
pumped molecular lasers (QPMLs) [23]. In the model, rate equations of the population density of vibrational and rotational
levels are solved numerically, and then the THz output power is computed based on the population inversions obtained from the
rate equations when the QCL pump creates nonequilibrium populations.

For the N2 O laser, the model includes J;, + 8 rotational levels and the 10 lowest energy vibrational levels. The rate equations
for the rotational levels are

dNy(v,r,t)

dt = Z [—’YM/Nz(U,I‘,t)+’Ye/gNg/(U7r,t)]

0=0+1 (S1)
— vsprNe(v, 1, 1) + Rpump (v, 1, 1) + DVQNg(’U, r,t)

where Ny(v, r, t) is the nonthermal population density for rotational level £ with axial velocity v along the pump beam direction,
at position r, and at time ¢, e is the dipole—dipole collisional transition rate. The thermal population density is calculated
separately as part of the total population of a vibrational level, as described below. From the selection rules, ¢ can only be
¢ £ 1. The transition rate is determined by Yoo = Nyt (Urel )0 peer, Where niot is the total molecular population density, (V)
is the thermally averaged relative velocity, pg. is the appropriate branching ratio with Boltzmann factor, and o is the collisional
cross section for the transition. In gas phase OPFIR lasers, the dominant collisional process is mediated by the dipole—dipole
interaction, so that ¢ ~ opp. In the second line of Eq. (S1), (—yspTV¢) describes the thermalization transition of rotational



level / into its vibrational mode due to low energy collisions. The thermalization rate vspr is computed from the gas kinetic cross
section as oqx = 15A42. Rpump describes the pump transition J;, — Jyy thoroughly. It includes inhomogeneous broadening
from different velocity subclasses with the Doppler effect, pressure broadening with HWHM equal to 4.0MHz/Torr, velocity-
dependent saturation, and the multiple round-trips inside the cavity. The linewidth of the pump EC-QCL used in experiments
is typically a few MHz. The detailed formula for I;,,mp, can be found in Ref. 23. Diffusion is also included in the last term of
Eq. (S1).

Similarly, the rate equations for the vibrational levels are

dN,(v,r,t)
pT = Z [_’YIJP'NP(Uar)t) +’YP/PNI)/(/U7rat)]

p'=p+l (S2)
+Sspr [ doNo(o,x,0) + DY2N, 0.1,0)

in which ~y,, is the transition rate between vibrational levels p — p’ and is assumed proportional to the gas kinetic cross section
ok and Boltzmann factor exp(—AE,, /kgT), where AE,, is the vibrational energy difference between p and p’. The last
two terms describe the thermalization from rotational levels to vibrational levels as well as diffusion. The thermal population of
a given rotational state is simply that state’s fraction of the total thermal population in the corresponding vibrational level.

Molecule—wall collisions are modeled by a reaction boundary condition [23] so that wall collisions thermalize the vibrational
levels and redistribute the molecules into all possible levels with a Boltzmann distribution at room temperature (300K). The
ground vibrational state has the largest occupation probability.

We obtain the steady state by setting dN/dt = 0. These nonlinear rate equations are discretized and solved numerically by
fixed-point iteration with Anderson Acceleration [23]. At each iteration step, MUMPS (MUItifrontal Massively Parallel sparse
direct Solver [31]) is used for factorizing the sparse matrix.

THz output power is then obtained by matching the cavity loss a.e; with the THz gain. In particular, the cavity loss includes
Ohmic 1oss aonmic and transmission loss through the front window cv;ans. Ohmic loss can be expressed analytically for the
modes of a hollow metal waveguide, which increases strongly with decreasing radius [26]. The transmission loss is estimated by
Qtrans = — log(1—T') /2L, where T is the front window transmission coefficient, and L is the cavity length. The gain coefficient
is obtained by integrating contributions from all velocity subclasses. Detailed discussions and computational treatments can be
found in Ref. 23.

III. DETERMINATION OF opp AND OTHER PARAMETERS

Unlike widely-studied CH3F, whose collisional parameters are experimentally well known [20, 21], many important colli-
sional cross sections of NoO are unknown, such as the most important opp (dipole—dipole collisions). However, thanks to the
completeness of our OPFIR model, we can use our experimental measurements of QMPL power as a function of pressure and
QCL pump power to extract a few key unknowns by a fitting procedure. In particular, we use experimental fits to recover the
dipole—dipole cross section opp, the cavity loss (since the alignment and other geometric factors were imperfectly known for our
cavity), and the QCL linewidth. Our numerical modeling finds that the output power is insensitive to the gas kinetic collisional
cross section, so ogx is fixed as 15A2, well within the expected range. Once these parameters were obtained, we could then
proceed to use the model to predict other lasing behaviors and to identify the optimal cavity and operating regime.

Figure S3 shows the threshold power for the J;, = 14 direct lasing transition as a function of pressure for both experimental
measurements (blue circles) and theoretical modeling (dashed lines) with different dipole—dipole cross sections opp = 25A2,
35A2, and 45A2. A reasonable range for opp can be estimated by assuming opp proportional to the dipole moment /: of the

molecule. Consider ix,0 = 0.17 D, pon,r = 1.8 D, and op*" = 32042, s0 o2 ~ o 2229 — 3042, Fig. $3 shows
Y 3

that opp = 35A? gives the best agreement with experiments, which is also within the reasonable range. The cavity loss from the
fitting is 0.3 m !, which is about 5 times larger than an ideal cylindrical cavity operating on the TEq; mode. In principle, cavity
loss can be computed with the exact cavity geometry and cavity mode. However, our current cavity has poor alignment using a
concave back mirror with focal length about 2-3 cm, which easily couples the lasing mode to other cavity modes. In addition, the
front pinhole coupler has a curved taper from the 1 mm diameter exit to the 5 mm diameter cavity, and this taper also contributes
to mode mixing while suppressing long wavelength emission below cutoff. The QCL linewidth is fitted as 2 MHz to match
Fig. 2C with Fig. 2D in the main text, a value that is well within the range previously reported for EC-QCLs [24].

Using the obtained collisional parameters, the theory—experiment match for J;, = 31 is also presented in Fig. S4. The
agreement between theoretical modeling and experiments confirms the correctness of the deduced collisional cross sections and
QCL linewidth. Only the cavity loss had to be adjusted, increased to 0.46 m~" at this higher frequency to obtain good agreement.
A frequency-dependent cavity loss is expected because of the increasing number of modes above cutoff at higher frequencies,
which are coupled more easily to the lasing mode by the concave back plunger in our cavity with increasing J;, and lasing
frequency. There is potential for improving the cavity design with a different geometry mirror or metasurface.
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Figure S3. Threshold power for the direct lasing transition as a function of pressure for J;, = 14 or v = 374 GHz. Results from experimental
measurement (blue circles) and theoretical modeling (dashed lines) with different values of opp = 25 A%, 35 A2, and 45 A? are compared.
In the model, the cavity loss is a fitting parameter (0.3 m™"). The results imply that the dipole—dipole cross section of N2O is opp = 35 AZ.
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Figure S4. Contour plot of the THz output power from the J;, = 31 direct lasing transition at vTn, = 0.797 THz as a function of pressure
and pump power. The theoretical prediction (left) matches the experimental measurement (right) very well using the previously obtained
dipole—dipole collisional cross section opp = 35 A2, and QCL linewidth of 2 MHz. The cavity loss is the only fitting parameter (0.46 m™").

IV. OUTPUT AND THRESHOLD POWER FOR DIFFERENT TRANSITIONS

Fig. S3 indicates that the pump threshold power increases with pressure, but this doesn’t imply higher powers at lower
pressures, because only a limited pressure-broadened velocity subclass fraction of the J; population can be pumped. The
optimal pressure with the highest output power occurs in between, as shown in Fig. S5 for both direct and refilling lasing with
Jr =6 (~ 175 GHz) to J, = 41 (~ 1.05 THz). The peak powers for different transitions at the optimal pressures are plotted
in the main text Fig. 3C. The comprehensive model predicts the direct transition with J;, = 28 produces the highest power. This
is slightly different from the simple model prediction where the peak power appears for the transition with Jr = 21, as shown
in Fig. 1B. The discrepancy is caused by the low pressure limitation of the simple model. In Fig. 1B, we fixed the gas pressure
at 20 mTorr within the valid region of the simple model, while the comprehensive model implies that the optimal pressures
are typically above 40 mTorr. In fact, Fig. S5A confirms that at 20 mTorr the transition with J;, = 21 has the highest power.
Furthermore, lasing from direct inversion operates at higher pressures and with much more THz power than lasing from refilling
inversion because the latter must overcome the effect of a much greater thermal population in the ground vibrational state that
causes a greater threshold pump power.

Figure S6 shows the threshold power as a function of pressure for different direct transitions. J;, = 30 has the lowest threshold
across all pressures above 40 mTorr where optimal pressure appears as shown in Fig. S5. This corresponds to the observation
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Figure S6. Pump threshold power as a function of pressure for Jz, = 10, 20, 30, 40. The cavity loss is assumed to be 0.3m™" for all cases.

in the main text (Fig. 3B) that J;, = 28 is predicted to produce the maximum power, even though the maximum population
occurs at J;, = 15, because of the Manley—Rowe effect. A rotational state with J, being either too large (J1, = 40) or too small
(J1, = 10) has very limited population available to be pumped, therefore produces small gain to compensate the loss, leading to
a high threshold. For J;, = 40, the threshold power increases with decreasing pressure below 60 mTorr. This is also an effect of
a very limited population available to be pumped since the population fraction is only nj—49 = 0.54%.

V. ANALYTICAL DERIVATION OF THRESHOLD AND OUTPUT POWERS

In a simplified three-level model as shown in Fig. S7, population in the ground level 1 is pumped with rate R, into level
2, followed by dipole—dipole collisions between level 2 and level 3 and collisions with the cavity wall. THz lasing occurs
between level 2 and 3. Similar three-level models can be found in previous work [32-34], but were not designed to describe
the behavior at very low pressures in very small cavities. Note that the spontaneous emission rate is not used for obtaining the
population inversion, because in these collision-dominant molecular gas lasers the spontaneous emission rate (1/tg, ~ 1075571
is negligible compared with the dipole—dipole collision rate (kpp ~ 10°s~1). The spontaneous emission rate between levels 2
and 3 is used only for the gain calculation. In this section, analytical derivations of the population inversion, gain coefficient,
pump threshold, and the THz output power in the low-pressure limit are presented.
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Figure S7. Schematics of a simplified three-level model for analytical derivations.

A. Pump threshold

Assuming molecular relaxation is dominated by molecule-wall collisions with rate k,, and intermolecular dipole—dipole
collisions with rate kpp, the rate equations for Ny and N3 are

dN.
ditQ = Rpump — Na(kpp + kw) + N3kpp,
dN.
7; = Naokpp — N3(kpp + kuw)
At steady state, dNo /dt = dN3/dt = 0, and the population inversion is obtained as
R
AN = Ny — N3 = —— 2222 S3
2 * ™ 2kpp + ku (53
The pump rate can be approximated as
R _ PocrL(aqrL) 1 _ omrPqcr S4)
prmp hvir TR2 L  7wR2 , hvgr

in which agg is the infrared absorption coefficient of the gain medium, and R and L are the cavity radius and length,
respectively. The pump power absorbed by the gain medium is approximated as Pqcr,(arL).
The unsaturated gain coefficient is [35]

)\2

n=a [87T2A1/tsp

} AN

where o is the cross section for the lasing transition, the spontaneous emission lifetime is ts, = 3hegA3/ 16773;1%—, where
ufj = |(i|u|5)|? is the dipole matrix element, and Av is the half width at half maximum of the gain profile approximated in
this low pressure regime as the Doppler broadening half width Av = Avp ~ u/\, where w is the average absolute molecular
velocity. With temperature 7' and molecular mass m, u = 1/8kgT /mm. Then we obtain

2 143 ar oL 1
0= {373 5 . : (S3)
3h?¢g uRceH VIR 2kpp + ky
Threshold occurs when the unsaturated gain coefficient is equal to the cell loss, g = ael1, and the threshold power can be
derived as [35]

3hZeqr uR? Qlce
Py, = OYIR cell 1) (2kpp + k) (S6)

2 Hij QIR

At very low pressures in our very small cavity, where molecule—wall collisions dominate all other collisional processes, k,, >
kpD, kw & 2u/3R, and the pump threshold simplifies to

2RC€ ce
Pi = (Weovir) (“ ; ”) (“) (S7)

iy QIR

The above derivations are in SI units. The dipole moment needs to be converted by 1 Debye = 3.33564 x 1073° Cm. In
Electrostatic CGS unit, Eq. (S7) is written as Eq. (2) in the main text by replacing ¢y with 1/4x.



B. THz output power

Output power is obtained by equating the saturated gain to the cavity loss,

Y0

= m = COlcell (S8)

v

in which @ is the photon flux density that is proportional to THz output power Pry,:

1
PTHZ = ihVTHzT(ﬂ-Rgell)q)
(89)

1
= ~hormT(7R)) <70 _ 1) D,

2 Qcell

where Ry is the cavity radius, ®; = k;AN/~p is the saturated photon flux density, and 7' is the power transmission co-
efficient of the front coupler. For wavelengths smaller than the pinhole diameter Aty, < 2r, T' can be approximated as
T =~ (7ro /7 Reen)?, but if the lasing wavelength is larger than 27, T' depends sensitively on the pinhole thickness. In the simple
3-level model, k4 can be derived as ks = (2kpp + k) /2 following Ref. 35, and we obtain

1 1 1 P,
Pri, = L homi, () ( ) _arPocr

Qeel 70 27 R? | huir
lvrn, r¢ o ( Oéce11>
- - 1= 2l poo (S10)
4 vir R2) el 70 Q
lvrn, ré
=- 0 (Pqcr, — Pun) -

= 2
4 vir RZ, Qcell

Relationship Py, /ccenn = Pqcr /70 is used in the above derivation. The power efficiency equals the derivative of Pry, with
respect to the pump power:

2
- lvrg, 15 QiR

S z ,
4 vir RZ, qcen

(S11)

Here are a few direct observations. The output power and power efficiency are proportional to the IR absorption coefficient
agr. Since apg is proportional to the molecular pressure p and the population fraction of rotational level Jz,, we have Pry,, n
air < pny,. The output power and power efficiency are also proportional to the THz frequency, i.e., Pru,,n X vru,/ViR,
which is the Manley—Rowe effect.

In this derivation, it was assumed that the linewidth of the QCL was much narrower than the Doppler width of the pumped
infrared transition, and indeed this is the case. Our experimental QCL is specified by the manufacturer to have a linewidth in the
range of 1-10 MHz, also confirmed by other measurements [24], compared to the 50-150 MHz linewidth of typical molecular
infrared transitions. Our analysis finds excellent agreement with the experimental results for a QCL linewidth of 2 MHz. If
the QCL linewidth were larger, the simple model derived here could reflect this fact by using an averaged ajr, obtained by
a convolution of the QCL and Doppler lineshapes, rather than using the above approximation of oy at its center frequency.
Regarding the linewidth of the QPML laser transition, these lasers are perhaps more appropriately called “masers” [36] because
their cavity linewidths (=10-100 MHz) are larger than the molecular gain profile (=1 MHz).

VI. USING AMMONIA (NH3) AS A QPML GAIN MEDIUM

The oblate molecule ammonia (NH3) combines many of the most attractive attributes for QPML operation: a low lying
vibrational mode with a strong IR absorption coefficient and a large permanent dipole moment. Consequently, the simple model
predicts that it will have low threshold and high power efficiency, attributes that should produce the strongest lines of the nine
molecules considered here. Note that unlike the ground state inversion, which occurs at a relatively low frequency of 24 GHz,
the inversion splitting in vy = 1 vibrational mode near 950 cm™! is much larger, approximately 1 THz. Figure S8 plots the
predicted laser lines for the strongest pure inversion and rotation-inversion transitions in NHs, spanning transitions up to J = 9
excited by Q-branch transitions between 930 - 936 cm™! and 962 - 968 cm~!. The strongest laser lines are those for which J=K
or K-1. Operation on several of pure-inversion lines near 1 THz has recently been experimentally shown [14] but the limited
tuning range of pure inversion transitions minimizes the effectiveness of the Manley-Rowe factor.
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