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Abstract: A study of optical aberrations for flat lenses based on phase 
discontinuities is reported. The wave aberration function and the analytical 
expression of the aberrations up to the 4th order are derived to describe the 
performance of both ideal and practical flat lenses. We find that aberration-
free focusing is possible under axial illumination but off-axis aberrations 
appear when the excitation is not normal to the interface. An alternative 
design for an aplanatic metasurface on a curved substrate is proposed to 
focus light without coma and spherical aberrations. 
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1. Introduction 

Optical metasurfaces are artificial interfaces designed to manipulate light at the 
subwavelength scale and exhibit functionalities not attainable with conventional optical 
components [1–9]. While metamaterials are typically three-dimensional structures [10], 
metasurfaces are characterized by a two-dimensional layout that is compatible with most of 
the planar manufacturing techniques and may enable new flat optical devices [3,5]. In the case 
of metasurfaces composed of inhomogeneous arrays of optical resonators with subwavelength 
separation [2,9,11] the wavefront of scattered light can be reshaped and redirected at will 
depending on the array design. Each resonator introduces locally an abrupt phase shift over 
the scale of the wavelength of the scattered wavefront, dubbed phase discontinuities. Such 
metasurfaces can reproduce many functionalities that are usually attained by combining 
refractive optical components. To date devices such as flat lenses [12–19], axicons [12], 
blazed gratings [2,20–24], vortex plates [24,25], plates for polarization control [27–29] and 
holographic plates [30] have been demonstrated. Different types of resonators can be 
implemented to create a metasurface: V-shaped antennas [2,3,12], nano-apertures [15,24,26], 
patch antennas [13,16,17], dipole antennas [14], dielectric resonators [1], etc. 

We have recently shown that a hyperboloidal distribution of phase discontinuities at an 
interface creates a spherical wavefront to focus light at the desired focal distance [12]. The 
subwavelength control over the phase front provided by the metasurface allows for the design 
of flat lenses with high numerical aperture (NA) that focus light under axial (i.e. normal) 
illumination without aberrations. However, for illumination non-parallel to the optical axis, 
diffraction-limited focusing is not possible due to off-axis aberrations. In the practical 
realization of a flat lens [12], the metasurface is approximated by a discrete rather than 
continuous distribution of phase discontinuities; this implies small deviations from the 
spherical wavefront. 

This article contains a quantitative analysis of the primary monochromatic aberrations 
associated with flat lenses based on metasurfaces. We prove that for a continuous phase 
profile and normal incidence the lens is aberration-free, while for off-axis illumination coma 
and other aberrations appear, though it remains free from spherical aberrations and distortion 
[31,32]. The effect of the discretization of the phase profile is evaluated and it is shown that 
four elements are enough to guarantee an imaging quality limited only by diffraction of light 
[33,34]. Following the approach proposed in [35] by Murty for Fresnel zone plates, we 
present a design for a curved metasurface-based lens that can focus light without spherical 
aberrations and coma, defined as aplanatic metasurface. Chromatic aberrations are not 
considered here and will be treated separately in future work. 

2. Aberrations of flat lenses 

Optical aberrations arise in optical systems whenever the rays emerging from a point object 
do not meet all at the same image point. There exist many ways to describe aberrations 
[31,34]; the wave aberration function (WAF) is one of the most commonly used to study 
aberrations in human eyes [36,37], telescopes [38] and electron microscopes [39,40]. The 
main advantage of the WAF is that it can be directly accessed via interferometric 
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measurements. Rather than tracing the rays that form an image, WAF represent the difference 
between the wavefront and an ideal, aberration-free wavefront, i.e. a reference sphere 
centered in the object point [31,41]. While for an ideal lens WAF = 0, in most applications a 
limited amount of aberrations can be tolerated in light of the fact that the resolution of any 
optical system has an upper limit given by diffraction. The Marèchal criterion [31,33,34], 

stipulates that when 
2 2

rmsWAF WAF WAF= −  is less than /14λ  where the brackets 

represent the mean value and λ  is the wavelength, the dominant factor limiting the imaging 
quality is diffraction and therefore, for most applications, aberrations are negligible [34]. The 
presence of aberrations can be easily visualized using the point spread function (PSF), defined 
as the image of a point object [42]. If the focusing wavefront differs from the reference 
sphere, the PSF will deviate from the ideal Airy disk; the Strehl ratio, defined as the ratio 
between the peak of the PSF and the peak of the PSF of an aberrations-free lens, is used to 
quantify this deviation. The modulation transfer function (MTF) provides a characterization 
of an optical system in the spatial frequency domain; it is defined as the modulus of the 
Fourier transform of the PSF and it shows the normalized contrast transferred by the lens from 
the object to its image [43]. If we consider an object made of periodic black and white line 
pairs, the MTF indicates how blurred they will be imaged by the lens, as a function of their 
periodicity. In the following these definitions are used to characterize metasurface-based 
lenses. 

When a light beam is incident on a metasurface, it is scattered by each element 
individually, and the sum of all of these components will determine the overall transmitted 
wavefront. We can approximate locally the wavefront scattered by each subwavelength 
metasurface-element as a spherical wavelet whose radius R is proportional to the phase shift 
ϕ of the scattered field with respect to the incident wave [Fig. 1(a)] [12,44]. In the case of a 

hyperboloidal distribution of phase discontinuities of a flat lens as given in Eq. (1) of [12], the 
radius of each spherical wave at every position of the metasurface ( , )x yt t is given by: 

 2 2 2( , ) ( , )
2x y x y x yR t t t t t t f f
λ ϕ
π

= = + + −  (1) 

where f is the focal length. Based on the Huygens’ principle, the resulting wavefront can 
be obtained from the envelope of the secondary wavelets [7,42]. Let us consider a plane wave 
propagating parallel to the optical axis and incident on the metasurface; the family of curves 
describing the spherical waves leaving every element of the metasurface is: 

 2 2 2 2( , , , , ) ( ) ( ) ( , )x y x y x yF x y z t t x t y t z R t t= − + − + −  (2) 

with 2 2x y ρ+ ≤ , ρ  is the radius of the flat lens. The envelope of Eq. (2) is calculated by 

imposing F and the partial derivatives 
xt
F∂ and

yt
F∂ equal to zero [45] which gives: 

 2 2 2 2( )x y z f f+ + − =  (3) 

Equation (3) describes the surface of the spherical-aberration-free wavefront generated by 
the flat lens. Therefore we conclude that the WAF is zero and the flat lens can focus without 
aberrations when used to image a distant point on the optical axis. 
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Fig. 1. (a) The wavefront scattered by a flat lens based on a metasurface is given by the 
envelope of the secondary spherical waves emitted by the antennas with subwavelength 
separation. For a very dense distribution of antennas, the phase function ( , )x yϕ can be 

assumed continuous leading to a perfect spherical wavefront. (b) If a flat lens is designed using 
a limited set of phase elements, the continuous phase function is replaced with a discrete 
distribution that introduces aberrations (the yellow region corresponds to the wave aberration 
function (WAF)). (c) The effect of the discretization of the phase function is evaluated by 
calculating the root mean square of the wave aberration function (WAFrms) and the Strehl ratio 
for an increasing number of phase levels. 

In a real implementation of a flat lens it is convenient to use a limited set of elements that 
cover the phase range 0-to-2π by replacing the target phase distribution with an approximated 
step-function whose accuracy depends on the number of elements (i.e. phase levels) used. For 
example, in [12], the hyperboloidal distribution was approximated using a set of 8 elements 
with incremental phase of π /4. This approximation introduces slight variations to the 
wavefront compared to an ideal converging wave [Fig. 1(b)]. In order to quantify the effect of 
this finite phase resolution, we calculate the WAFrms for a flat lens with a hyperboloidal phase 
distribution for an increasing number of phase levels [Fig. 1(c)]. The results show that four 
levels of phase (0, π/2, π, 3π/2) are sufficient to satisfy the Marèchal criterion. For an 
increasing number of phase levels the WAF rapidly approaches the aberration-free limit of 
continuous phase. We also calculate the Strehl ratio that shows that for a flat lens with more 
than 4 discrete elements, the deviation from the Airy disk becomes negligible (Strehl 
ratio>0.8) [Fig. 1(c)] [34]. Similar considerations regarding the trade-off between the 
approximation of the phase distribution and diffraction efficiency are known in the context of 
diffractive Fresnel lenses (i.e. Fresnel lenses with a finite number of thickness levels instead 
of a continuous profile), where a higher number of phase levels can be obtained at the cost of 
increasing the number of consecutive fabrication steps [46]. Based on the application 
requirements, a flat metasurface-based lens can be made with a large number of phase levels 
in a single fabrication step, i.e. using a single mask. 

3. Off-axis aberrations 

In the following we will analyze the primary aberrations of a flat lens with continuous phase 
distribution in the case of oblique illumination, which are particularly relevant for applications 
requiring a wide field of view [Fig. 2(a)]. We start with the analytical derivation of primary 
aberrations from the difference in optical path (OPD) between a marginal ray and the axial ray 
passing through the center of the flat lens (chief ray). For simplicity we restrict the derivation 

to two dimensions only ( )2 2 ,r x y z= + following the procedure used by Young in [32]. The 

rays refract when entering the substrate and then, once they reach the metasurface, they are 
directed towards the focus due to the effect of the phase distribution. The angle formed by 
each ray can be found by applying the generalized law of refraction with the local value of 
phase gradient [2,20]. The OPD between the marginal and the chief ray is calculated by 
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subtracting the optical path corresponding to the yellow segment, from the sum of the optical 
paths corresponding to the red segments and the equivalent optical path associated with the 

phase discontinuity at the point : ( )
2

r r
λ ϕ
π

 [Fig. 2(a)]. We expand the expression obtained in 

a polynomial series obtaining [32]: 

 2 2 2 2 3
2

1 5 1

4 4 4
OPD r r r higher order terms

f f f
α α α= − − − +  (4) 

where α is the illumination angle and r is the transverse coordinate. Only the terms 
corresponding to the Seidel aberrations are retained. The first term on the right hand side of 
Eq. (4) is the Petzval field curvature, the second is astigmatism, while the third is coma. The 
latter is often regarded as the most problematic in microscopy due to the asymmetry produced 
in the image. Note that no spherical aberrations or image distortions are present [31,32]. 

 

Fig. 2. (a) A flat lens is illuminated with parallel light incident at angle α with the optical axis. 
An axial ray (chief ray) and a marginal ray are refracted at an angle α* in the substrate (with 
refractive index n). φ(r) is the phase shift at point r, with respect to the center of the lens (r = 
0). (b) Point Spread Function (PSF) calculated from the WAF for a flat lens with radius 1 mm, 
NA = 0.5 illuminated with parallel monochromatic light at λ = 1.55 μm incident at an angle α = 
10°. x and y are the spatial coordinates in the focal plane. (c) Modulation Transfer Function 
(MTF) (blue curve) for the same lens. The MTF for an aberration-free lens with the same NA 
is shown for comparison. 

To validate the results of the analytical derivation, we perform a numerical study of a flat 
lens under oblique illumination. We calculate the WAF, PSF and MTF for a circular flat lens 

with radius  = 1 mm, NA = 0.5 illuminated with parallel monochromatic light at λ = 1.55 μm 
incident at an angle α = 10°. Figure 2(b) shows how the PSF deviates from the ideal Airy disc, 
forming an asymmetrical comet-like spot, as expected for a comatic optical system [43]. In 
[Fig. 2(c)] we show the projection of the MTF along the axis of aberration (the axis, in the 
image plane, that intersects the chief ray and the optical axis). In order to interpret this result 
we should consider that the minimum contrast needed by a detector to resolve spatial 
frequencies varies with other factors such as brightness of the image [37]. If we fix a 
reference value for the minimum contrast at 0.5, the resolution of the flat lens under this 
condition of illumination can reach 8 cycles/mm (number of line pairs per millimeter). Note 
that the upper limit for a lens with the same NA would be a resolution of 320 cycles/mm by 
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maintaining a contrast of 0.5, as can be obtained by extrapolating the MTF for a diffraction 
limited lens [Fig. 2(c)]. 

4. Aplanatic metasurface 

An aplanatic lens, is a lens corrected for both spherical aberrations and coma; this type of lens 
is widely used in microscope objectives and condenser lenses [43,47]. Following the approach 
developed by Murty [35] for Fresnel zone plates, we propose a design for an aplanatic lens 
based on a metasurface. 

 

Fig. 3. (a) Schematic of the aplanatic metasurface patterned on a spherical interface with center 
in O and with radius f. According to the definition of Apollonius, the locus of points that have 
a specified ratio of the distances between two fixed points (A and A’) known as foci, is a 
circle. A ray incident on the substrate at an angle U* is refracted and hits the metasurface in 
point P. We derived the expression of the phase gradient which imposes at the point P the 
proper phase such that a ray forming an angle U with the optical axis is redirected to form an 
angle U’ with the optical axis. (b) Point Spread Function (PSF) and (c) Modulation Transfer 
Function (MTF) for an aplanatic metasurface with NA = 0.5 illuminated with parallel 
monochromatic light at λ = 1.55 μm incident at an angle α = 10°. 

The Abbe sine condition establishes that an optical system corrected for spherical 
aberrations will also be free from coma if the ratio between the sine of the angle traced by a 
ray as it leaves the object and the sine of the angle traced by the same ray as it reaches the 
image plane is constant for all the rays [48]. With reference to Fig. 3(a), given an object 

ray AP  and the corresponding image ray A P′ , it follows from the definition of circle given 
by Apollonius [49] that if the point of intersection P lies on the surface of a circle, the ratio 

/ sin / sin /AP A P U U L L M′ ′ ′= = = is constant, automatically satisfying the Abbe Sine 
condition. Therefore it is possible to design an aplanatic lens by patterning the metasurface on 
a spherical interface. From the generalized law of refraction for spherical interfaces [50], we 
can calculate the phase gradient required for an object ray forming an angle U with the optical 
axis to produce an image ray forming the angle U’. 

The generalized law of refraction applied at point P [Fig. 3(a)] reads: 

 sin sin
2

d
n

d

λ ϕγ γ
π θ

′− + =  (5) 

As shown by Murty in [35], from geometrical identities we can write: 
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Given the presence of the substrate with refractive index n necessary to support the 
metasurface [2], we apply the following substitutions to account for the first refraction [Fig. 
3(a)]: 

 ( )* * * *sin sin / , , cos cosU U n AP n A P L L AP n U U= = = + −  (7) 

By substituting Eqs. (7) and (6) into Eq. (5) we obtain the expression of the phase gradient 

for an aplanatic metasurface. For an object point at infinity we have *A P → ∞ , A P f′ → , 
*cos cos 1U U= = , and Eq. (5) becomes: 

 
2

sin
d

n
d

ϕ π θ
θ λ

= −  (8) 

Equation (8) represents the phase gradient of a metasurface needed to focus a distant 
source of light without spherical aberration and coma. 

An analysis of the aberrations of an aplanatic metasurface with NA = 0.5 is conducted to 
verify the correction introduced by the new design. The wavefront is calculated from the 
envelope of secondary spherical waves emitted from a distribution of scatterers placed at the 
surface of a spherical substrate [Fig. 3(a)] and excited by a parallel monochromatic light at λ 
= 1.55 μm incident at an angle α = 10° with respect to the optical axis. From the PSF and the 
MTF, shown in Figs. 3(b) and (c), we can see that the correction of coma improves the PSF 
and the resolution of the lens now reaches 30 cycles/mm (taking a contrast of 0.5). 

5. Comparison between different designs 

By tracing the rays through a conventional plano-convex lens, a flat lens, and an aplanatic 
metasurface with radius ρ  = 1 mm and NA = 0.5 and under the same illumination condition 

used above (α = 10°), we ultimately compare the performance of the three different designs. 
For the conventional spherical lens [Fig. 4(a)] we assume a refractive index of n = 3.5 and a 
radius of curvature (Rc) as obtained from the Lensmaker equation (Rc = 4.35 mm) [43]. For 
the flat lens [Fig. 4(b)] and the aplanatic metasurface [Fig. 4(c)] the substrate also has a 
refractive index n = 3.5 and the rays are refracted at the first interface; at the metasurfaces 
(green lines), the angles of refraction are calculated from the generalized laws of refraction 
[2,50], using the distribution of phase discontinuities given by Eq. (1) of [12] and Eq. (8), 
respectively. Progressive improvement is obtained for the three designs: the plano-convex 
lens is affected by both spherical aberrations and coma which produces an aberrated focal 
area for oblique illumination; the flat lens corrects spherical aberrations, but the coma is still 
present and gives rise to the typical comet-like asymmetrical focal spot; finally the aplanatic 
metasurface can compensate for coma as well, producing a good focus even for off-axis 
illumination. 
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Fig. 4. Ray tracing plot for a plano-convex refractive lens (a), flat lens (b), and an aplanatic 
metasurface (c). The yellow-shaded areas represent the dielectric substrate (n = 3.5) and the 
green lines represent the metasurfaces. The parallel illumination forms an angle α = 10° with 
respect to the optical axis, NA = 0.5. 

In conventional bulk optics, an aplanatic lens is made of at least two or three air-spaced 
elements (doublet or triplet) [48]. An aplanatic metasurface offers the advantage of correcting 
spherical aberrations and coma in a single element. We have to emphasize that patterning 
nanostructures on a curved surface is a challenging step necessary for the realization of an 
aplanatic metasurface. Recently, thanks to the growing interests in different fields such as 
micro- and nano- optics, MEMS, biophotonics, etc., many manufacturing techniques have 
been adapted to non-flat substrates [51,52]. For example, a tiltable laser-lithography system 
has already been used to create a hybrid refractive and diffractive element on a spherical 
substrate [53]. This technique can reach a resolution suitable for the realization of 
metasurfaces in the infrared regime. Patterning of nano-resonators for visible light would 
require a resolution achievable with nano-imprint or electron beam lithography (EBL). A 
demonstration of EBL writing of ~100 nm features was made on a spherical shaped substrate 
thanks to a liquid phase deposition technique that guarantees coating of polymer resist with 
uniform thickness [54]. Finally, alternative fabrication strategies with higher throughput are 
based on pattern-transfer elements such as soft lithography [55–57] and flash imprint 
lithography [51]. 
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6. Conclusion 

In conclusion, we analyzed optical aberrations for focusing metasurfaces. We derived the 
primary (or Seidel) aberrations and calculated the point spread function (PSF) and modulation 
transfer function (MTF) and we showed that the flat lenses previously reported [12] are free 
from spherical aberrations creating perfect focusing for axial illumination. After analyzing the 
aberrations that arise from different illumination conditions and certain practical limitations, 
we proposed a design for an aplanatic metasurface patterned on a spherical interface to 
simultaneously correct spherical aberrations and coma. 

To date, metasurfaces suffer from some limitations such as material losses, polarization 
dependence and reflection from the metasurface. Some of these limitations have already been 
overcome considering low-loss materials, multiple layers design [19] or by using elements 
that control simultaneously electric and magnetic polarization currents [7]. Due to the 
growing interest in ultrathin devices, we expect many developments towards more efficient 
flat lenses and other optical devices. 
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